We study corrections to tri-bimaximal (TBM) neutrino mixing from renormalization group (RG) running and from Planck scale effects. We show that while the RG effects are negligible in the standard model (SM), for quasi-degenerate neutrinos and large tan β in the minimal supersymmetric standard model (MSSM) all three mixing angles may change significantly. In both these cases, the direction of the modification of θ 12 is fixed, while that of θ 23 is determined by the neutrino mass ordering. The Planck scale effects can also change θ 12 up to a few degrees in either direction for quasi-degenerate neutrinos. These effects may dominate over the RG effects in the SM, and in the MSSM with small tan β. The usual constraints on neutrino masses, Majorana phases or tan β stemming from RG running arguments can then be relaxed. If we include only the Majorana phases in the neutrino mixing matrix, Planck scale effects for the mixing angles in TBM are absent. Sizable Planck effects require the so-called "unphysical phases" of the neutrino mixing matrix to be non-vanishing, which underlines the importance of these phases. *
Introduction
Neutrino mixing [1] is a consequence of a non-trivial structure of the neutrino mass matrix. This mass matrix is generated by the following dimension five operator:
Here µ αβ is a coupling matrix, Λ some high energy scale, L α is the lepton doublet with α ∈ {e, µ, τ }, and Φ is the Higgs doublet (in the MSSM, Φ is the Higgs doublet that couples to the up-type fermions). After the electroweak symmetry breaking ( Φ ≡ v/ √ 2 ≃ 174 GeV for the SM, Φ ≡ v sin β/ √ 2 for the MSSM), Eq. (1) gives rise to the neutrino mass matrix
where U is the leptonic mixing, or Pontecorvo-Maki-Nakagawa-Sakata (PMNS), matrix in the basis in which the charged lepton mass matrix is real and diagonal. The neutrino masses are contained in m diag ν = diag(m 1 , m 2 , m 3 ). The value of Λ may be taken to be the seesaw scale, Λ ∼ 10
12 GeV, where the underlying flavor structure of the theory is implemented. However, measurements take place at low scale, therefore the predictions of any neutrino mass model have to be evolved down to low energy through renormalization group (RG) running [2, 3] . As the large majority of models is generated at a high energy, RG effects are a generic feature.
Another guaranteed correction to the dimension five operator in Eq. (1) is an additional operator of the same form but with Λ identified as the Planck mass M Pl = 1.2 · 10
19 GeV. The presence of such a term in the Lagrangian gives rise to additional contributions to the neutrino mass matrix after the electroweak symmetry is broken. While too small to be responsible for the leading structures of the neutrino mass matrix, those Planck scale effects can have observable consequences as well [4, 5, 6] . In the present paper we perform a comparative study of both renormalization and Planck scale effects.
For this analysis we will choose one particular and very interesting neutrino mixing scheme which is compatible with all data, the tri-bimaximal mixing (TBM), defined by [7] U = diag(e iφ 1 , e iφ 2 , e diag(e −iα 1 /2 , e −iα 2 /2 , e −iα 3 /2 ) .
Here P ≡ diag(e −iα 1 /2 , e −iα 2 /2 , e −iα 3 /2 ) contains the Majorana phases, one of which can be rephased away. We further have an additional phase matrix Q ≡ diag(e iφ 1 , e iφ 2 , e iφ 3 ), which usually can be phased away by a redefinition of the charged lepton fields. Due to this, the entries in Q have received the (possibly unfair) title "unphysical phases". TBM does by itself neither predict the Majorana or the unphysical phases nor the magnitudes or ordering of the neutrino masses. However, the magnitudes and ordering of the masses as well as the values of the Majorana phases are crucial for the size of renormalization group corrections [8, 9, 10, 11] and the Planck scale corrections to this mixing scheme. Moreover, as we shall see in the course of the paper, in the analysis of Planck scale effects on tri-bimaximal mixing even the "unphysical" phases turn out to be crucial. This is a feature specific to TBM, having to do with the structure of the corresponding neutrino mass matrix.
Several interesting models giving rise to Eq. (3) have been proposed in the literature [12] . The predictions of TBM, sin θ 13 = 0 = cos 2θ 23 and sin 2 θ 12 = 1/3, may be compared with the current 3σ ranges of the parameters [13] : analysis and comparison of both effects is performed in Section 4. Section 5 summarizes our findings.
Renormalization Effects on Tri-bimaximal Mixing
In this Section we will study the effect of renormalization group running of the mixing angles when at high scale they correspond to the tri-bimaximal mixing.
RG effects on tri-bimaximal mixing have been studied before in Refs. [22, 23, 24, 25] . We focus here mostly on the maximal RG effects as a function of the neutrino mass and will not conduct a detailed analysis of the influence of the Majorana phases on the running. This will be performed in a separate work [26] .
By inserting the neutrino mixing matrix from Eq. (3) in the definition of
This is the most general mass matrix generating tri-bimaximal mixing. The parameters A, B and D are given by
The neutrino mass matrix is subject to RG evolution. The running of this matrix may be described via [3] 
where I K is a flavor independent factor arising from the gauge interactions and fermionantifermion loops. This factor does not influence the mixing angles at all. The diagonal matrix I κ is given by
where
Here we have neglected the electron and muon mass (so that ∆ e = ∆ µ = 0) and used e −∆τ ≃ 1 − ∆ τ , since ∆ τ ≪ 1. For instance, for tan β = 20 and Λ/λ = 10 9 , one has ∆ τ ≃ 0.0027.
Note that the RG effects correspond to multiplying every entry of the neutrino mass matrix with a real number. Consequently, the overall phase of the entries is not affected by the corrections. The corresponding "unphysical phases" φ 1 , φ 2 and φ 3 can therefore be rephased away by a redefinition of the charged lepton fields. Hence, for the analysis of RG effects it suffices to consider the mass matrix
Obviously, if the correction to the neutrino mass matrix is additive and not multiplicative, then the unphysical phases will play a role. We will show in the analysis of Planck scale effects to be presented in the next Section that this indeed is the case. Returning to the RG effects, the mass matrix in Eq. (11) is generated by some model at a high scale Λ. Its predictions will be modified by the RG evolution to the low energy scale λ at which measurements take place. We take Λ = 10
12 GeV, i.e., we assume that the symmetries leading to TBM are intact till this see-saw scale. This requires that the threshold effects [27] in the presence of non-degenerate right-handed neutrinos do not spoil the symmetry. We take λ = 10 3 GeV, the typical scale of supersymmetry breaking. Note that the dependence on the actual values of the scales Λ and λ is only logarithmic, so our results are rather insensitive to the exact choice of scales.
In order to study the effect of the RG corrections on the mixing angles, we employ the strategy presented in [11] to diagonalize the RG-corrected mass matrix and obtain simple expressions for the evolved mixing angles
where θ We only quote the result [26] :
Using the additional rephasing freedom we have set α 1 = 0. Note that there is no dependence on the third mass eigenstate or its Majorana phase α 3 for k 12 . As expected, k 13 and k 23 are governed by the inverse of ∆m 2 A while k 12 depends on 1/∆m 2 ⊙ , which renders it typically larger. As k 12 is always positive, the solar neutrino mixing angle always increases in the MSSM and decreases in the SM. In contrast, k 23 is negative (positive) for a normal (inverted) mass ordering. Therefore |θ 23 | increases in the MSSM and decreases in the SM if the neutrino mass ordering is normal. If the ordering is inverted, |θ 23 | decreases in the MSSM and increases in the SM. From
In the next Subsections we will discuss from these expressions the features of the running for the three main types of neutrino mass spectra: normal (NH) and inverted (IH) hierarchy, and quasi-degeneracy (QD). In order to give numerical estimates of the extent of RG effects, we use the best-fit values of ∆m 2 ⊙ = 7.9 · 10 −5 eV 2 , ∆m 2 A = 2.5 · 10 −3 eV 2 , and choose the phases such that the RG effect is maximized. Then we further choose tan β = 20 for illustration. The results for the SM can be obtained by replacing the factor (1 + tan 2 β) with (−3/2). The results of a full numerical analysis are plotted in Figs. 1, 2 and 3: as we shall see, they are nicely reproduced by the analytical estimates to be presented below.
Normal Hierarchy
We start the estimates with the normal hierarchy. Defining the notation
we have
A . From Eqs. (13, 14) we get
where the number indicated by the arrow is the value at tan β = 20. Atmospheric neutrino mixing is now non-maximal, the mixing angle being given by
Note that (cos 2θ 23 ) NH < 0. The solar neutrino mixing angles increases from sin
Thus, we find that for NH, the deviations of the angles from tri-bimaximal values due to RG corrections are extremely small and virtually impossible to probe. Note that all the three deviations as plotted in the upper panels of Figs. 1, 2 and 3 are independent of the value of m 1 as long as
Inverted Hierarchy
Turning to the inverted hierarchy, using m 2 = m A , it follows from Eqs. (13, 14) that
Thus in the inverted hierarchy, the value of sin θ 13 generated through RG evolution is proportional to m 3 , as can be seen in the lower panel of Fig. 1 . The atmospheric neutrino mixing angle is given by
which is independent of m 3 as long as m 3 ≪ ∆m 2 A ≃ 0.05 eV. The dependence on the Majorana phases is introduced only at order m 3 / ∆m 2 A . As alluded to before, in case of a normal ordering we have (cos 2θ 23 ) NH < 0, while for an inverted ordering (cos 2θ 23 ) IH > 0, i.e., RG effects increase |θ 23 | from its original TBM value of π/4 for a normal hierarchy and decrease it for an inverted hierarchy. In the SM the effects have the opposite sign. Finally, the solar neutrino mixing angle increases for the MSSM and reads
Thus we see that the running of the solar neutrino mixing angle can be dramatic, up to 10 • . The leading term shown above is suppressed however when α 2 ≃ π. The measured value of |θ 12 − θ
≤ 0.07) at 3σ suggests that the observed value of θ 12 can be used to constrain the values of the absolute neutrino masses, the Majorana phase α 2 and tan β in IH [22, 26] . In contrast to this, sin θ 13 and cos 2θ 23 are too small to be observable.
Quasi-degeneracy
Finally, we shall consider running for quasi-degenerate neutrinos. The RG running for QD is always the largest: indeed, the deviation of angles from their tri-bimaximal values grows quadratically with the common mass scale m 0 . Using m 
Thus, testable values of θ 13 up to 5
• may be generated. Turning to atmospheric mixing, one finds
where the − sign is for normal ordering and the + sign for inverted ordering. The running is maximal when all the Majorana phases vanish. The value of θ 23 can deviate from its maximal value by up to 10
• . This deviation is currently restricted by experiments to |θ 23 − θ 0 23 | < 10
• at 3σ. Therefore, more accurate future measurements of θ 23 can be used to put bounds on m 0 , α 2 and α 3 [26] . The value of α 2 may be restricted to α 2 ≃ π from the θ 12 measurements as we shall see next: the solar mixing angle can deviate strongly from its tri-bimaximal value:
with the sign of cos 2θ 23 negative (positive) for normal (inverted) mass ordering. Note that sin θ 13 can be zero if α 3 = π/2, whereas cos 2θ 23 is always non-zero. Another phenomenological implication of α 2 ≃ π and quasi-degenerate neutrinos is that the effective mass m = | U 2 ei m i | governing neutrinoless double beta decay [28] takes its minimal possible value: m α 2 =π QD ≃ m 0 cos 2θ 12 (27) in the θ 13 → 0 limit. The same formula with m 0 replaced by ∆m 2 A is valid for an inverted hierarchy.
Planck Scale Effects on Tri-bimaximal Mixing
In this Section we will discuss the implications of Planck Scale physics on tri-bimaximal mixing. The existence of the Planck scale implies the presence of higher dimensional non-renormalizable interactions, among which the following dimension five operator is of interest for neutrino physics:
The coupling matrix λ αβ will be assumed to be flavor democratic, since gravity does not distinguish between flavors. After electroweak symmetry breaking the above operator leads to a contribution to the low energy neutrino mass matrix m ν → m ν + δm ν of the form
The implications of such a correction to m ν have been noted and analyzed for instance in Refs. [4, 5, 6] . With µ ≃ 2.5 · 10 −6 eV ≪ ∆m 2 ⊙ , it would appear that only negligible corrections to the mixing phenomena can be expected. However, as will be seen later in this section, the Planck scale effects on θ 12 are governed by µ m 0 /∆m 2 ⊙ , which can be substantial for quasi-degenerate neutrinos. Moreover we stress that the presence of such a term is expected on general grounds and its implications are therefore model independent. In order to consider all possible corrections to a given mixing scheme, the perturbation (29) has to be included.
We have noted before that the presence of an additive correction to the neutrino mass matrix renders the "unphysical" phases φ 1,2,3 (see Eq. (3)) to be no longer "unphysical". In the context of tri-bimaximal mixing these phases turn out to be crucial, since without them there would be no effect on the mixing angles at all. To show this, consider the neutrino mass matrix giving rise to TBM in the absence of the φ 1,2,3 . It is given in Eq. (11) and can be written as:
The neutrino with mass m 2 has a flavor democratic contribution to the total mass matrix. This is exactly the flavor-blind form that the Planck scale contribution δm ν in Eq. (29) possesses. Hence, adding δm ν to Eq. (30) is equivalent to a simple redefinition of m 2 as
where ǫ µ = 3 µ/m 2 ≪ 1. Hence, only the value of the second neutrino mass and its corresponding Majorana phase are modified, while the mixing angles and the other masses remain unchanged: with µ ≃ 2.5·10 −6 eV and m 2 ≥ 8.4·10 −3 eV, it holds that ǫ µ < ∼ 8.9·10
and the effect on m 2 and on the mass squared differences is at most of the order of 0.1%. However, in general the situation is different since the most general mass matrix giving rise to TBM, as given in Eq. (6), contains the unphysical phases. Adding now a flavor democratic small perturbation to the neutrino mass matrix cannot be compensated anymore by a redefinition of m 2 e iα 2 . This is because it is not possible to write m ν in terms of the individual masses as in Eq. (30), i.e., the matrix which m 2 is multiplied with is now a phase matrix. The corrections to TBM from the Planck scale effects are then nontrivial 1 . The argument presented here is specific to the TBM scenario, where the mass matrix includes a flavor blind term. Furthermore, it implies in particular that there will be no Planck scale effects on the mixing angles if the mass matrix and the Planck contribution are purely real, or if it is such that there are no phases in the Planck contribution and only the Majorana phases and no "unphysical" ones are present in m ν . Now we will consider the general case of all possible phases in the neutrino mass matrix and study the resulting effect of the Planck scale contribution for the mixing angles.
Towards this end, we follow the formalism of [5] to calculate the deviations of the mixing angles from their TBM values. We use the shorthand notation
such that M ij incorporates all the φ i dependence and a part of the α i dependence. In general, the elements of M ij are O(µ). To a good approximation, the mass squared difference m 2 3 − m 2 1 does not change due to the Planck scale effects. In this limit one finds that [5] 
These quantities can be related to the Planck-corrected mixing angles after electroweak symmetry breaking through
where χ µ3 is the relative phase between U µ3 and δU µ3 . We see that the deviation from maximal atmospheric neutrino mixing can go in either direction. We can estimate the size of the Planck scale contribution to be at most of the order µ/(m 3 − m 1 ) for |δU e3 | and |δU µ3 |. For neutrinos with a normal hierarchy and m 1 = 0, this quantifies to µ/ ∆m The modifications of the mixing angles depend on the values of the Majorana phases (as for radiative corrections) but in particular also on the unphysical phases. The full expressions for Eqs. (33, 34) are rather lengthy and not very instructive. An example we give is for the normal hierarchy, in which case one can roughly estimate
The Majorana phases appear only at O(r µ/ ∆m 2 A ). These expressions show explicitly that for vanishing "unphysical" phases φ i the corrections to the mixing angles vanish.
As in the case of the radiative corrections, the corrections to the mixing angles θ ij are approximately inversely proportional to the mass squared difference δm 2 ij , and therefore one may expect a more sizable correction to θ 12 than to θ 13 and θ 23 . The contribution from the Planck scale to U e2 is [5] 
where there is only one term because for TBM U e3 = 0 holds before the Planck scale effects are included. Note that in the above expression, the m i and α i are defined before the Planck scale effects are switched on, whereas ∆m Since sin θ 12 ≃ |U e2 + δU e2 |, the quantity in Eq. (38) can be related to the deviation of the solar mixing angle via
where χ e2 is the relative phase between U e2 and δU e2 . The deviation can thus have either sign as in the case of the atmospheric neutrino mixing angle, If initially m 1 = 0 (normal hierarchy), one can estimate |δU e2 | < ∼ µ/ ∆m To give an analytical example we set the Majorana phases to zero and find ≃ (2/ √ 3) |δU e2 | it follows that the deviation of θ 12 from its TBM value due to Planck scale effects can be up to 10 % or 2
• -3
• . Moreover, as shown in Eq. (39), this deviation can be in either direction depending on the relative phase χ e2 , which in turn depends on the Majorana phases α i as well as on the "unphysical" phases φ i .
If we now want to incorporate both the RG as well as the Planck scale effects on θ 12 , the predictions are thus uncertain by 2
• in the absence of any knowledge of the φ i 's. This would relax some of the constraints on m 0 , α 2 and tan β that have been obtained in the literature by requiring the angles at the low scale to be compatible with the experiments. To be more quantitative, the maximal deviation from the initial value of θ 12 = arcsin 1/3 for a normal ordering is below 0.1
• for m 1 < 0.02 eV. For m 1 = 0.1 eV the change can be up to 0.6
• and then it increases linearly with the neutrino mass, for instance 3
• for m 1 = 0.5 eV. If neutrinos are inversely ordered, the change is up to 0.3
• even for a vanishing m 3 , and starts to increase linearly with the neutrino mass for m 3 > ∼ 0.01 eV. If radiative corrections are used to set constraints on the parameters, then one should take this uncertainty into account, which would weaken the corresponding limits.
One might wonder at this point whether one can generate successful phenomenology starting with bimaximal neutrino mixing [31] , i.e., with Planck scale contributions perturbing an initial 2 sin 2 θ 12 = 1 2
. We checked numerically that in order to obey the current 3σ limit of sin 2 θ 12 ≤ 0.4, neutrinos should be heavier than 1.4 eV, i.e., in conflict with the already very tight neutrino mass limits from cosmology. Since the RG effects tend to increase θ 12 , even their addition cannot salvage the scenario.
Numerical Results and Discussion
In Figs | generated from RG effects and from Planck scale effects, as a function of the smallest neutrino mass for normal and inverted mass ordering. The Figures for MSSM and SM are generated by numerically solving the RG equations in the small θ 13 limit [8] . We have chosen in case of the MSSM tan β = 20 and tan β = 5. The relative magnitude of the deviations between these two cases should be (1 + 5 2 )/(1 + 20 2 ) ≃ 0.065, which is confirmed by the plot as well. Also given in the Figure are RG effects in the SM. As far as the mixing angles are concerned, for all practical purposes the results for SM can be obtained from the ones of MSSM with tan β = 20 by multiplying them with |(−3/2)/(1 + 20
2 )| ≃ 0.0037. We also indicate the present 3σ bounds on the mixing parameters.
The RG running in SM is found to be very small. Even for values of m 0 in the QD regime the running stays within the present 3σ limit for all three quantities. For MSSM the running is much stronger, especially for higher values of tan β and in the QD regime.
| there is a plateau at ∼ 0.67 in the QD regime which corresponds to the maximum possible deviation of 2/3 in this quantity. As we are plotting the absolute values of the observables, we stress again that sin
is always larger than zero in the MSSM. The same holds for cos 2θ 23 in case of a inverted ordering, whereas for a normal ordering cos 2θ 23 is negative. For the SM the signs are reversed. For the inverted ordering and small masses (m min < ∼ 0.01 eV), the deviation sin | due to Planck scale effects. They were obtained by numerically diagonalizing a mass matrix leading to TBM to which a flavor-blind Planck perturbation was added. It is to be noted that the values of cos 2θ 23 Let us compare both the effects:
• sin θ 13 : the Planck effects can be larger than the RG effects in the SM unless the neutrino masses are above roughly 0.3 eV. Recall that the Planck corrections for QD neutrinos are proportional to m 0 , whereas the RG corrections are proportional to m • | cos 2θ 23 |: the Planck effects can be larger than the RG effects in the SM unless the neutrino masses are above roughly 0.1 eV. They are always less than the maximal correction of tan β = 20 and tan β = 5.
• | sin 2 θ 12 − 1 3
|: the Planck effects can be larger than the RG effects in the SM unless the neutrino masses are above roughly 0.5 eV. They are always below the maximal correction of tan β = 20 and can exceed the corrections for tan β = 5 if neutrinos are normally ordered and m 1 < ∼ 0.01 eV.
Conclusions and Summary
We have studied the renormalization group and Planck scale corrections to neutrino mixing angles in the tri-bimaximal mixing scenario. Both these corrections need to be included while comparing the low energy neutrino mixing data with any postulated high scale mixing scenario.
We give approximate expressions for the values of mixing angles at low scale starting from tri-bimaximal mixing at high scale for NH, IH and QD scenarios with RG running in the SM and the MSSM. We also plot the maximum RG effects as a function of the smallest neutrino mass for these scenarios. We find that in the SM the RG running has a negligible effect on the mixing angles. In the MSSM with large tan β, while NH still gives unobservably small deviations for all the mixing angles, IH is capable of generating significant running for θ 12 . In fact, matching θ 12 with the data requires constraining the Majorana phases and tan β already at the present stage. For the QD scenario the running for all the three cases can be strong. The running depends crucially on the values of Majorana phases and the neutrino mass scale: the corrections in the QD scenario grow as m 2 0 . Precision measurements of neutrino mixing angles in future experiments should be able to put further constraints on the mass scale and Majorana phases if one assumes the TBM scenario.
For the Planck scale effect we assume a flavor democratic dimension five operator at the Planck scale that contributes to the neutrino mass after the electroweak symmetry breaking. We show that the corrections to the mixing angles depend in particular on the phases φ i , which are usually called "unphysical" since they have no impact in the absence of such Planck scale operators. Due to the special structure of the neutrino mass matrix giving rise to tri-bimaximal mixing, non-zero values of these phases are required for any Planck effect on the mixing angles.
In the most general case when the so-called "unphysical" phases are non-vanishing, the Planck effects make the otherwise vanishing quantities sin θ 13 , cos 2θ 13 and sin
grow almost linearly with the neutrino mass scale m 0 for quasi-degenerate neutrinos. The effects are in general largest for θ 12 . Even with a large value of O(eV) for the neutrino masses, sin θ 13 and cos 2θ 23 hardly exceed 10 −3 , and hence are virtually impossible to probe experimentally. However, deviations of sin 2 θ 12 from 1/3 can be sizable, of the order of 0.1 (m 0 /eV). Deviations of a few degrees are thus allowed when neutrinos are quasi-degenerate. This deviation is larger than the resolution of the future precision θ 12 experiments, and can be measured.
An interesting possibility, though hardly realizable in practice, is the following: suppose one has measured deviations from tri-bimaximal mixing and knows the values of the Majorana phases and possibly of tan β. In this case any additional correction beyond the RG effects to the mixing angles will stem from the Planck scale effects. As these depend on the unphysical phases, one could in principle extract some information on these phases. Moreover, if supersymmetry is not realized in nature, then the RG running is suppressed but the Planck scale effects can nevertheless inflict a sizable perturbation to the solar neutrino mixing angle, which can help us get a handle on these phases.
In the case of the RG running, the signs of the correction to the mixing angles are predictable. For example in MSSM, θ 12 always increases from its high scale value, whereas |θ 23 | increases (decreases) for normal (inverted) hierarchy. In the case of the Planck scale effects, the sign of cos 2θ 23 and sin 2 θ 12 − 1/3 depends on all of the phases present, including the so-called "unphysical" ones. Therefore the Planck effects can either enhance or compensate the RG running. Constraining neutrino parameters due to running might therefore be not as straightforward as is usually done. If the neutrino mass is 0.5 (0.2) eV, then the modification from Planck scale effects to θ 12 can be nearly 3
• (1 • ), which would weaken the constraints. Note that such a relaxation of constraints is applicable not only for the TBM, but for any neutrino mixing scenario. 
